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Synchronization of chaotic semiconductor lasers has now been demonstrated experimentally in a variety of
coupling schemes. Coupling methods include configurations where the transmitter laser system is itself chaotic
and drives a receiver system, both lasers are individually chaotic, and both lasers induce the chaos through
mutual coupling. The dynamics for each of these scenarios is in many cases adequately captured by the
Lang-Kobayashi rate equation model. Such a simplified model, however, ignores fundamental aspects of the
laser dynamics, such as the frequency and carrier density material susceptibility dependence, spatial hole
burning effects, proper boundary conditions, and the fact that lasers may exhibit pronounced multilongitudinal
dynamic behavior with and without the presence of a weak external feedback or injection. The model also
cannot distinguish between many of the possible coupling geometries realizable in experiments. Using an
interactive simulator based on the rigorous microscopic description of the light-matter interaction, we explore
the unidirectionally coupled configuration, the relevance of symmetry for the synchronization achieved be-
tween two identical lasers, and the differences that arise when the traditional analysis through the Lang-
Kobayashi model is compared to the full nonlinear partial differential equation model results.
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[. INTRODUCTION and a near-identical laser as the slave one. In essence, this
configuration is akin to an injection-locking experiment
The Lang-Kobayashi modégll] for a single-mode laser where the injected signal is chaotic rather than periodic.
with a weak external feedback is the theoretical workhorse Measurements have used a variety of detection methods.
for computing and analyzing the behavior of chaotic laserslypically, oscilloscope traces of relatively long-time power
and their synchronization behavior. This model has proveautputs over hundreds of nanoseconds tend to show excellent
very successful in capturing most of the qualitative behaviosynchronization to the eyg8,12,13. Slow time-scale syn-
of both the chaos and the synchronization phenomena.  chronization tends to be a rather robust phenomenon and
Chaotic dynamics in lasers with external feedback is nowseems to occur without any special effort to ensure that the
well established experimentallj2—5]. Synchronization of diode transmitter and receiver lasers are near identieal
chaos between a master and slave lasers has also been &lom the same wafer The chaotic pulses observed on a pi-
served by various groups worldwidé—16|, and there are cosecond time scale, resolved by short streak camera traces
reports on experimental works on chaotic communicatioror fast photodiode sensors, had also shown good degrees of
system[17-19. synchronizatior{14], but with the exception of power syn-
Chaos generation, synchronization, and their applicationshronization manifold reconstruction there appears to be no
to communications are the topics extensively covered. Nuexperimental measurements of the synchronization quality
merically and experimentally studied configurations includeover the very long time intervals that practical chaos com-
the ones where the transmitter system is a chaotic externatunication systems require.
cavity laser that drives a originally nonchaotic laser receiver The original Lang-KobayashiLK) model equation was
[8,14,17,20-2% both the systems are chaotic external cavi-derived using a simple isolated laser single-mode rate equa-
ties and the receiver is unidirectionally coupled tion, augmented by a delayed field term associated to the
[9,12,13,16,18,19,26—-35 and both systems induce the external cavity feedback. The assumption is that the feed-
chaos through mutual coupling6—40. Similar coupling back is sufficiently weak, due to the very low reflectivity of
methods, but with different chaos generation mechanismshe external feedback mirrgtypically 1-59%, so that mul-
have been also reported and analyg@d,10,15,41—4}% tiple reflections in the external cavity can be ignored. More-
In a numerical comparison of the three main couplingover, the LK model is a lumped system where all internal
methods mentioned based on the Tang-Statz-deMars equaptical fields and carrier densities are averaged. The LK
tions[45], it was suggested that the unidirectional couplingmodel cannot distinguish between individual members of a
between two individually chaotic external cavity lasers is thewhole family of lasers whose mean reflectivRy= VR, R, is
best configuration for communication purposes, but some aothe same for different combinations of individual facet re-
the more robust synchronization experimeft2,14 have flectivities. However, the internal distributed optical fields
employed a diode external cavity laser as the master systeand carrier densities in the laser can be strongly nonuniform
due to spatial hole burning or by the existence of internal
asymmetriesRR; # R,, for examplg. To correctly resolve the
*URL: http://www.acms.arizona.edu entire system dynamics, it is necessary to use a full nonlinear
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partial differential equatioiFNPDE) model to describe the  Master Laser Attenuator Bs Mirro
lasers with and without feedback. B

We present results from a detailed study of the relevancd e R s Z St
of symmetry in the synchronization of chaotic semiconductor : a0:30
lasers, by using a FNPDE model integrated into an interac- l
tive simulation tool. The FNPDE model is built on the rig-
orous microscopic description of the light-matter interaction Optical Isolator W/
[46], and is solved via a highly efficient digital filter-based
numerical algorithm for propagating light fields in complex, ]
large-gain-bandwidth devices like semiconductor and fiber Attenuator | ]
amplifier laserd47]. It will be shown that complete or full
synchronization is achievable when a symmetric system is l

employed, while when the symmetry is broken, different re-
gimes of quality synchronization can be observed. The inher-

ent limitations that arise in the Lang-Kobayashi model when Slave Laser
asymmetric devices and systems are analyzed will also bt
shown.

FIG. 1. The unidirectionally coupled system. On the horizontal
axis a master device is driven into a chaotic regime by an external
The optical system simulat¢®©SS tool employed here is weak feedback. From the optical feedback path, an unidirectional
an object-oriented approach to building a modular and flexinjection is split off to the slave laser.
ible simulation environment capable of running interactively ] . )
on a fast PC Unix work station, parallel machine, or in a(sheel densityN(zt). The latter obeys an equation that in-
distributed network environment. Prior to start-up, the usefludes the pump current densitythe density-dependent car-
can set up an Optica' System that Could Consist of one olﬂel’ recomb|nat|0n, and the interaction with the 0pt|CaI f|e|d,
more semiconductor lasers or doped-fiber devices, attach A
gratings, HR/AR (high/antirefractivgé coatings, external aN=J/e—N/7(N)+ ——Im{PE}. 2
feedback reflectors, filters, etc. When running, different 2h
graphical interfaces can interrogate various components of o
the system and display internal optical and carrier density" the last term;P stands for the polarization andl repre-
fields, detector averaged outputs, accumulated output spetentS the active-layer thickness. Similar to the optical field
tra, eye diagrams, etc. The user can interactively modify ce@MPplitudese =, in our one-dimensional model the quantity

tain device parameters on the fly, such as pump current, iN(z,t) represents an amplitude of the transverse spatial pro-

jection signal power, wavelength, current modulationfile of the carrier density distribution. , _
frequency, and many others. Numerical solution of these equations is not straightfor-

The simulator model used in this work is designed forward if the broad bandwidth and rich dynamics, inherent to
systems in which the optical field is a single transverse’°Me types of semiconductor lasers, have to be accurately
mode. The field is represented by the projection onto thé?aptyred. Our S|mul_ator engine is based on a spatial digital
fundamental transverse mode, whose propagation is charafitéring of the evolving optical field to ensure that all spec-
terized by its phase indetor equivalently, propagation con- tral compon_entsf propagate with the co_rr_ept gain/loss and
stan} and the group velocity,. At each point along the phase velocity given by the local susceptibilgyN(z,t), w).
system’s optical axis, the optical field is decomposed intol "€ reader is referred to Re#7] for details. The structure
forward and backward propagating components described b§f the simulator is modular, allowing to “build” the simu-

their complex amplitude§ * and &~ that satisfy the partial [at€d System from modules such as the active-laser cavity
differential equations (described by the above equatignpassive “cavities” for

free-space propagation, laser facets, and various optical
HET(Z,0)=*vyd,£7(2,1) interfaces.

II. THE OPTICAL SYSTEM SIMULATOR

w o]
Ti %‘f x[N(z,t),71€5(zt—ndr. (D) lIl. THE UNIDIRECTIONALLY COUPLED SYSTEM
0

In order to analyze the relevance of symmetry in the syn-
Here, wg stands for the reference frequency, and the conehronization of unidirectionally coupled lasers, we studied

volution integral represents the locally changing susceptibilthe system shown in Fig. 1, where on the horizontal axis a
ity of the active layer. It may also include other optical prop- master laser is driven into a chaotic regime by a weak exter-
erties of the cavity waveguide, such as the “background’nal feedback. An identical slave laser is also driven into a
loss. Both the gain and the refractive index change are cakhaotic regime by the unidirectional external injection split
culated from a sophisticated many-body thedd6] and  off from the master laser feedback path.
tabulated in terms of the frequency-dependent, complex sus- Figure 2 shows an equivalent system where a synthetic
ceptibility x(N,w) that depends on the active-layer carrierinterface between the lasers sends a weak feedback into the
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FIG. 2. Equivalent unidirectionally coupled system. The reflec- I

tion coefficientr, produces the master feedback, and the transmis- —
sion coefficientt, produces the unidirectional slave injection. This L_ =5 _ —=
is a truly equivalent model of the system shown in Fig. 1. 20% 80 8% A%

o ) o Master Slave
master laser and an unidirectional injection to the slave. The
I

synthetic interface, defined with different left and right re-
flectivities and transmittivities, allows multiple reflections in
the external master cavity but prevents any slave signal fron®0" 2%
going back to the master or to the slave itself. This synthetic
interface provides a truly equivalent system and not an ap-
proximation to the original system in Fig. 1. The master and
slave facets that receive the feedback and the injection ar
called theperturbed facets 0% B0, 00 0
Figure 3 shows a symmetric unidirectionally coupled sys-
tem, where both attenuation coefficientsandt, are equal, FIG. 4. Possible configurations of two identical HR/AR lasers in
both lasers are identical, and they are oriented in such a wdf)e¢ unidirectionally coupled system. In the two top ones
that the lasers face the feedback or unidirectional injectiory80:20=20:80 and 20:86-80:20), the resulting system is sym-
through equivalent facets. When the system is symmetri¢l€tric, in the two bottom ones (80:2680:20 and 20:8620:80)
both lasers experience the same perturbaign the symmetry is broken.
Starting from the symmetric case, and by flipping the ori- .
entation c?f the Iasers?/up to four possible cyonf?gpurgtions cat(13)' Where_varlabl_es and parameters have the standard mean-
be realized, as is shown in the example in Fig. 4. In generafnd found in the literaturésee Table)

=
=

0%

Master Slave

two of the four resulting cases are no longer symmetric. Of dE(t) 1+ia , 1
course, in the particular case where the lasers are symmetric TR G(N,E;)— o En(t)
by themselves and their facet reflectivities are equRy ( P
=R,), there will be only a single symmetric configuration. Km )
In this study it is also implicit that the external cavities +——En(t- mye o7,
have equal lengths and their round trip times are both equal n
to 7. However, if the cavity lengths are different, it is just a dE(t) 1+ia s 1
matter of time shifting the slave output by the difference gt~ 2 |GINE9- T—} Es(t)
between the master external cavity round trip timand the P
laser time separation,., before any further analysis, and the Ks B
same dynamics will be observed. +—Ep(t—me ™, 3
The LK model, by lumping the laser systems into scalar "
equations, cannot always distinguish between each of these dN(t) Np(t) ) )
four configurations. Yet, from an experimental point of view, i Y 5 " G(NER)EN()7,
the relative orientation of the HR/AR coated facet lasers s
should be expected to influence the synchronization quality. dNg(t) (1)

Ns(t 2 2
J= —G(N,E9)E((1)%,

For reference purposes, the LK model for the unidirection- at -
S

ally coupled system shown in Fig. 2 is reproduced in Egs.
G(N,E?)=G,(N—Ng)(1—€E?).

B=a® R, =0 The LK model reduces the laser reflectivitiey andR;,
Master Ti=a Tr=10 Slave to a mean reflectivityR;= VR;1R;», which enters the LK
I model through the photon lifetime parametgy, and the
- internal fields and carrier densities are lumped into the scalar
T T Ey Ep o 7 valuesk; and N;. The model assumes that the lasers are

single mode, and that multiple reflections in the external
FIG. 3. A symmetric unidirectionally coupled system. Here the Cavities can be neglected. In fact, there is a much stronger

feedback and injection strengths are equal, both lasers are identic&ssumption that reduces its applicability range: the LK

and they face the feedback/injection through the equivalent facetéiodel requires that the coupling coefficients, and kg,

with the same reflectivityr,. defined[1,48] as
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TABLE I. Meaning of the variables and parameters in the Lang-in Fig. 4 and compare the predicted invariability against the
Kobayashi model equation(8).

results of the FNPDE model. But before going into more
specific descriptions of the results, we will introduce a local

Ems(t) Master and slave optical fields synchronization measure by defining thenchronization in-

N s(t) Master and slave carrier populations dex We will also introduce the averaging method used to
Gn Modal gain coefficient mimic different experimental measurement techniques.

No Carrier density at transparency

€ Nonlinear gain coefficient IV. THE SYNCHRONIZATION INDEX

s Photon lifetime

Ts Carrier lifetime When we say that two systems are synchronized, we
@ Linewidth enhancement factor mean that they are in some way coupled and their dynamics
J Injected current density are almost identical. In a master-slave system, where the
T Round trip time for the external cavity coupling occurs unidirectionally from the master system to
Tin Round trip time for the internal laser cavity the slave, this means that the slave must reproduce the mas-
Km Feedback coupling factor ter's dynamics closely.

Kg Injection coupling factor In general terms, ik is the master state variable vectfor,

1_RM2 t%
Km=le—— =le—,
\/1 RuzV1-Rsi _ tnls

(4)

the slave state variable vect@,the coupling operator from

the master to slave, arfla similarity relation, then we say
that the systems are synchronized if the distance between the
system trajectories is always smaller than a given tolerance
€,

(Y(CX(1)),1),S(x(t—T)))y<e, (6)

have to be significantly smaller than 1. This is equivalent tovhere(,) is a distance metric anll a delay (positive) or

require that the external feedback strengghor injection
strengtht2 must be absolutely and relatively smaller than the

anticipation (negative time shifting constant. Usually, the
distance operator does not involve the entire state vectors but

perturbed facet reflectivities,, andr ., respectively. This is SOme scalar observed variablegt) = On(X(t)) and y(t)

a restriction very hard to satisfy for highly effective HR/AR Os(y(t)) whereO,, and Og are some observing projec-
coatings, as for example in a 95:1% configuration, unlesgions. If the observed varlables are output power signals
extremely weak feedback and injection strengths are emjositive quantities then the similarity relation that ensures

ployed.

near identity in the time and spectral domains is a simple

In the LK model, the only parameters that depend on thescaling relation. Thus, in the ideal case where the distance

orientation of the lasers are the coupling coefficiefisand

between the observed variables is zero, the following relation

k. From Eq.(4), it is easy to see that there exists a wholemust hold:
family of master-slave configurations, which appears identi-

cal within the LK model. Namely, if we define a global LK
coupling coefficientk and constrain the feedback strength

and injection strength, such that

then the LK equationg3) will be the same for any choice of

le=K

M rs tm

20 Le=re

m rm ts

the master/slave facet reflectivities/transmittivities.

: ©)

y(t)=bx(t-T), ()

whereb is a positive constant scaling factor. The criterion
does not include an additive term, because if we yidg
=a+bx(t—T) instead, the constarg introduces an arbi-
trary frequency peak at the zero or reference frequency, de-
stroying the similarity between the transmitter and receiver
spectra.

Therefore, to locally quantify the synchronization be-

Once the external, andt, coefficients are adjusted, like tween two discrete power signal samples} and{y;} that
in Eq. (5), the internal coupling coefficientgs and k, Wil are properly in phaséi.e., after time shifting one of the
be equal for all the cases, and from the simulation and analysignals by any required time shift), we probe the scaling
sis point of view under the LK model, all the configurations relation by first obtaining the best scaling fachpmusing the
in Fig. 4, symmetric or not, must yield equivalent solutionsstandard least-squares approach
and equal degrees of synchronization. However, when the

FNPDE model is used and the laser orientations are taken o N
into full account, very different dynamics and degrees of b= Y. nyzz XiVi, (8)
synchronization are observed for the symmetric and asym- O'xx i

metric cases, even when an unique global LK coupling co-

efficient is employed in all the configurations. In order to seewhereN defines the total sample length or a significant part
how much of physics is lost in the LK picture, we concen-of it. Next we compute thesynchronization indexSl), de-
trate on the “LK-invariant” family derived from the example noted asS;, for every sample pair defined as
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FIG. 5. The synchronization indef6l) and its relation to the relative error and the power synchronization man(®&8d/). The left
picture shows the Sl in terms of the relative error between the two normalized power signals and the synchronization intervals. The middle
picture shows the PSM diagram with the different synchronization regions. The right picture shows how these regions open up around the
origin when a threshold value of 0.1 is added as in @&€).

(yi—bx)? (yi—bx)?
5TV e © 37 Vyzpad ot o

The synchronization indes; locally measures the rela- With this correction, whenevey; and bx; are much
tive distance betweefy;} and the “prediction”{bx;}. Since  smaller than the threshold, the synchronization index will
the power samples andy; are positive, the synchronization always be small. Figure Gight) shows the effect of adding
index will be near or equal to O when the signal values arehe threshold on the power synchronization manifold re-
similar (y;~bx;), and close or equal to 1 when they are gions. It can be seen that the synchronization regions open
opposites, i.e., in the extreme case wlygns much bigger up around the origin, allowing one to include different small
thanbx;, or vice versaconsider, for example, the situation noise power values in the synchronized regimow bx;
wherex;=0 andy;=1). =104 mW, y;=10 ® mW, U=10"2 mW and Eq. (10

Figure 5(left) shows how the synchronization index be- produceS;~0.01].
haves in terms of the relative error between two normalized
power values. As the relative error between the two signals \, ogsERVATIONAL TIME SCALES AND DETECTOR
increases, the synchronization index goes from 0 to 1 almost RESPONSES
linearly. With this in mind, we will say that the two signals
are locallysynchronizeavhen the Sl values are in an interval  In order to capture the differences between the experi-
close to O(the power values are very close to each other mental observations using different means of detection or
antisynchronizedvhen the Sl values are in an interval close detector responses, we need to introduce the notion of the
to 1 (the power values are opposite opheasnd desynchro- observational time scale. But first, we must remark that the
nizedwhen the Sl values are neither close to 0 nor to 1. time stepAt used in our simulations is of the order of 100 fs.

The exact boundaries of the synchronization intervals ard herefore, we can access or observe the laser output at a time
arbitrary, but once they are chosen, corresponding powescale much finer than that achievable in experiments. To
synchronization manifold regions can be associated wittmimic experimental observational time scales, we preprocess
them through Eq(9), as is shown in Fig. dmiddle). For the  the simulation output data by applying an exponential aver-
present analysis, we defined the synchronized interval for Sage filter using different response times. Thugxif} is our
values smaller than or equal to O(lative error smaller raw simulation data output, then the data used for synchro-
than 25% and the antisynchronized interval for Sl values nization analysigx;} are obtained through the iterative for-
greater than or equal to O(8lative error greater than 82% mula
The desynchronized interval is therefore defined for Sl val-

ues between 0.2 and 0.8. In a real system the interval choice Xi=(1=M)Xi-1+\X, Xo=0, 11)
could be related, for example, to some detector characteris- ) )
tic. where \ € (0,1] is the parameter that defines the response

In systems where the output powers are allowed to reacime of the filter. To understand the role af we rewrite
levels close to the numerical or physical noise, it is desirabldterative expressioiill) like the equivalent exponential av-
to assume that two power values at the noise level are alway¥ad€,
similar, independent of their actual valugonsider, for ex- i-1 o
ample, the case wheilex, =104 mw ar?d_yi=10*_6_ mw, x=> W . w=n1-NL S wi=1. (12
which in Eq.(9) producesS;~0.99, but it is specified that T ! =
values smaller than IG¢ mW are nois¢ To include this
criterion, the synchronization index is corrected by adding a When\ is close to 1, the filtered value will be mainly
threshold value as follows: defined by the most recent sample data, since the individual
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FIG. 6. Material susceptibility curves for different carrier densities in the relevant frequency rangg’ Pieture shows the real part
curves, starting from the top, for equally spaced carrier density values in the range frah0®5sn 2 to 6x 10® m~2. The — y” picture
shows the negative imaginary pdgain curves, starting from the bottom, for the same carrier density values.

weightsw; tend to zero exponentially. X is decreased, the step. The output field data was recorded every 250 fs, enough

past sample data will become more important as the weight® cover the relevant output bandwidth, and the initial 50 ns

decay slower. To get an idea of how much the past samplgansient time was discarded.

data contributes to the filtered output, we define the filter Starting with the 80:28>20:80 case, the feedbacg and

response tim&FRT), denoted as™gyr, as the time window  jpjectiont? strengths were set to 0.2%. In this initial regime,

that involves 95% of the accumulated weights, i.e., the system shows very rich dynamics. Figure 7 shows very
N, asymmetric internal forward and backward fields profiles,

Frr(M)=N,AL, - > w;=95%. (13)  greatly influenced by the HR/AR coatings and the multi-

=0 mode regime. The resulting internal carrier density profile,

. . . . also asymmetric, is a clear evidence of strong spatial hole
By using different filter response times, Brvalues, we burningy gsp

can choose different observational time scales, mimicking The pictures in Fig. 7 are placed in the same way as the

what is observed by different detection devices. The slowest ¢ h other in the simulated i tion. Th
time scale resolution would correspond to oscilloscope tracj?‘c‘ers ace each ofher In the simulated configuration. There-
ore, the right value of the master forward field profile enters

(FRT of the order of nanosecongdshe fast ones to streak ' P ER .
camera trace¢FRT of the order of picosecongsand the like an attenuated injection at the left side of the slave for-
fastest ones to “ideal instrument” tracéBRT of the order of ~ Ward field profile. The configuration and the highly synchro-
femtoseconds or lessA similar but simpler distinction has Nized regime make the plots look like mirror images, where
been used in Ref21] with the names ofmacroscopicand  the slave backward/forward field profile is a mirror image of

microscopictime scales. the master forward/backward one.
The same mirror image effect is visible in the carrier den-
VI. RESULTS sity profiles, showing that the lasers are synchronized not

only with respect to the observed power output values, but in

To understand the relevance of the symmetry on the syshe entire state variable space. Note that while the in the LK
tem synchronization, we simulated the four configurationsmodel a laser is realized with onlyE2- 1N=3 state vari-
shown in Fig. 4 for two identical asymmetric 80:20% ables, within the FNPDE model each laser equation system
HR/AR coated devices, trying to keep everything the samehas (£+1N)XNy—1, whereNy is the number of grid
except for the laser orientations. The laser models wergoints. In particular, for the laser lengths and the time step
Fabry-Perot cavities, 252m long with an active-layer build used,Nq is 31, resulting in 154 state variables for each laser.
of a 10nm IngGag well with Al,Gg, ,)As barriers, The multidimensional FNPDE model is therefore weakly
wherex rises linearly with the distance from the well from coupled, since it has 154 state variables coupled through two
0.1 to 0.6 over 85 nm. Figure 6 shows the resulting suscepnjected field variablescompared to the LK model that has
tibility values y for the active-layer composition and its fre- only three state variables coupled through two injected field
guency and carrier density dependence. Yhalues are fed variables, but still is strongly synchronized.
into the OSS simulator through look-up tables for efficient As can be seen in Fig. (middle), the external weak feed-
computation. back not only produces a multimode regime, but it also shifts

The lasers were operated just above the solitary thresholithe laser output frequency by about 0.75 THz from the iso-
current where they lase on a single mode at a frequency déated 302.995-THz lasing mode. The resulting spectra spread
302.995 THz. The external cavities were 30 cm long. Theover nearly 1.5 THz, showing around ten longitudinal
one attached to the master laser allows multiple reflectionsnodes. The zooming into one of the laser modes displayed in
The output field observations were made at the perturbeflig. 7 (bottom) also shows that the individual modes are
facet, over 1us of simulation time using at=125 fs time  broadened considerably, and the external cavity modes are
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FIG. 7. Snapshot of the dynamic observed in the 88:20:80 symmetric case. The top pictures show the internal fisllgl line for
the forward field and dashed for the backward fieddd carrier density profiles. The middle pictures show the multimode regime and the
bottom ones show the broad chaotic signature in one of the frequency modes.

clearly visible as the regularly spaced peaks. The spectr@50 ps, and 75 ps, corresponding\twalues of 104, 103,
just like the internal profiles, look identical at both frequencyand 10 2. For easier visualization, the slave power time se-
resolutions because the optical field outputs were very welties were scaled by using thefactor computed according to
synchronized in amplitude and phase. Also note that th&q. (8).
spectra pictures are “single shots” at a given time, and the Figure 8 shows the results for the symmetric
signal spectra is not static. They change dynamically, exhib80:20=20:80 case. As observed before, the synchronization
iting chaotic mode power transfer and beating during thequality is very high, where the Sl values for the slowest time
entire simulation as the antiphase dynamics observed expescales are always smaller than 0.01, where the greatest val-
mentally in Ref.[16]. ues occur during the power dropout event, and no visible
We then proceeded to compare the different power and Slifference between the power time series can be observed.
time series for different observational time scales of 7.5 nsFor the faster time scales, the Sl spike values increase, but
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FIG. 8. Powerimaster and slave lines not distinguishal@iad synchronization index time series for the 8@:20:80 casdsee Fig. 4
at different time scaleéstarting from the top, filter or “detector” response times of 7.5 ns, 750 ps, and )75 ps

not enough to show visible difference between the signahas been previously called complete or full synchronization
even at the fastest time scales. The origin of the high simif10,12,24,39 referring to the mathematical sense where
larity between the signal outputs, independent of the timeyoth the master and slave systems yield near or identical
scale employed, is the complete or full synchronizationsolutions. Complete synchronization has been observed in
achieved in this configuration, which extends to the entirenumerical simulations based on the LK model where two
state variable space. identical devices are considered, but there are no experimen-
As we said before, to study the relevance of symmetry, Wy reports about it, since it seems to be very sensitive to the
tried to keep the system the same for the four possible COMsarameter mismatcf22]. Therefore, it is interesting to ob-

figurations, except for the laser orientations. Hence, in the e that the ENPDE model, which is highly multimode and

three remaining cases we first adjusted the external feedba%uItidimensional(as is a real systemalso shows this kind
strengthrg and injection strengthg according to Eq.(5), of synchronization

maintaining the same global LK coupling coefficient used in In the asymmetric case 80:2680:20, the feedback
the first case. In this way, we will cancel the effects of chang- 2 oL 5 T
. . - . strengthr{ and injection strengthg were adjusted to 0.2%
ing the external coupling coefficienks, ands when we flip € €

the lasers, and we could analyze the effects of the remainin nd 3'2%_’ maintaining the same LK. coupling coefficient_ as
internal laser asymmetries. ef_ore. Flgure_ 10 shows the resultmg power and SlI tlme
Thus, for the symmetric case 20:8®0:20, the global serle_s,_where _|t can be observed that in sp|te of th_e cqupllng
LK coupling coefficient was maintained by making both the coefficient adjustments_, the synchrqnlzatlon qual_lty is npt
feedback strengthﬁ and injection strengttﬁ equal to 3.2%. compgraple to the previous symmetric cases. Partlcularly in-
Figure 9 shows, like the previous symmetric case, that botﬁgrestmg is the fact thgt the slave power time series shows a
laser outputs look identical on the slowest time scales, an§ind of laggard behavior when the slave power dropouts are
only some small differences can be observed on the faste§Pnsistently shifted with respect to the master ones, produc-
ones during some of the power dropout recovery events. Thi&d the corresponding high spikes in the SI graphs.
slight loss of synchronization is due to the statistical inde- The lag synchronized regimes have been also found nu-
pendence of the laser noise sources and due to the weak@erically using the LK mod€l10,22—-24,2Fand experimen-
synchronization characteristic of this configuration. tally in Refs.[12,14]. In most of these cases the slave injec-
The synchronization observed in these symmetric caseion was stronger than the master feedback, making it
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FIG. 9. Power(master in solid lines and slave in dashadd synchronization index time series for the 2@:80:20 casdsee Fig. 4
at different time scaleéstarting from the top, filter or “detector” response times of 7.5 ns, 750 ps, and )75 ps

plausible to understand this regime as a nonlinear amplification, even in a symmetric system, when the coupling injec-
tion procesg14,22. tion was weak compared to the feedback.

We examined this case further by applying a 2ns time To investigate the origin of the strong loss of synchroni-
shift to the slave output, which corresponds to the laser timeation for the asymmetric cases, it is necessary to analyze the
separation. Figure 11 shows that there is a significant iminternal boundary conditions at the slave perturbed facet.
provement in the synchronization quality, since the powelFigure 13 shows the boundary conditions elements in the
dropout lag behavior disappears. Still, there are visiblecorresponding equatiofi4) for the original nonflipped con-
spikes in the Sl graphs, but now during the power dropoufiguration
recoveries, and they are narrower and smaller than those ob-

served before during the power dropout event when the time EX (1) =rEC (1) +ttt B (t— 7) =1 ES (1)
shift was not included. The origin of these is the faster slave S s emem
power recovery that occurs before the master injection is + 1 sksEm(t—1), (14

strong enough to bring both lasers back to synchronization.

This is consistent with the nature of the synchronization ob- . . . . .

served, characterized as a nonlinear amplification proces here s is the LK coupling coefficient defined in E¢d).
which can be easily broken when the injection is weak 'y analogy, if we write down the boundary condition for the

enough. flipped slave laser, we obtain
For the asymmetric case 20:8®0:80 in Fig. 12, the A o o
feedback strengthg and injection strengtlni were adjusted Ed(t)=rsEg () + roksEm(t—17), (15

to 3.2% and 0.2%, and the slave output was properly scaled.

In this case, the synchronization between the master and

slave is the poorest one, and it does not improve very muchherer and « are the new reflectivity and coupling coef-
when slower observational time scales are employed. Notdicients in the perturbed facet after the flip, aid is the
however, that the signals are still strongly coupled, since théipped field solution.

master and slave power recoveries are synchronized, and the We can define the relative injection strendRIS), de-
pulse structures are also essentially in phase, despite theinted asR,5, as the ratio between the terms in the slave
different magnitudes. We observed this kind of synchronizaboundary conditions in Eq$14) and(15),
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Tkl |[En(t=1)] . [[En(t—7)]|
IS™ _ - _ ’
rol|ES (D] *IES (0]
n_FsicsllEr:(tfr)ll_;||E;<tfr>|| 16
IS™ ~ ~ - ~ ’
rollES (V)] * JIES (0|
therefore
ke ||E5 (D]
5= —-———R. (17)
Ks ||Eg (D)]]

It can also be show(see the Appendixthat the relation
between the nonflipped and flipped fields at the slave boun
ary condition is approximately given by

E. (1) r

naul ”~\F, (18)
||ES (D] s

from where
ks [r
R~ . \/ER.S. (19

If we preserve the LK coupling coefficients, then

_ rs
Ris~ FRIS- (20
S
This means that for the 80:2080:20 case, the relative
injection strength is approximately given by

4/0.8

Ris~

0'2R|s: V2Rss.

(22)
Or in other words, for the 80:2880:20 configuration the

square of the flipped relative injection streng'tt‘g is about
twice the original nonflipped one. Similarly, in the
20:80=20:80 case the square of the flipped relative injec-

dion strengtrﬁg is about half of the original nonflipped one.

This is in line with the observation that the adjustment of the
feedback strength, and injection strengtl, to keep a glo-
bal LK coefficient, like we did with the four configurations
before, was not the optimal choice for the asymmetric cases.
In fact, in the 80:2@»80:20 asymmetric case the resulting
injection was too strong, producing the lag synchronization
or nonlinear amplification regime, and in the 20<800:80
case, the resulting injection was too weak, producing a
coupled but very poorly synchronized regime.

To verify that the loss of the relative injection strength
was the main reason of the loss of synchronization, we pro-

ceed to vary the flipped injection factoy in order to main-
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FIG. 11. Powefmaster in solid lines and slave in dashadd synchronization index time series for the time shifted 86:20:2C case
at different time scale§rom the top, filter or “detector” response times of 7.5 ns, 750 ps, and 75 ps

tain the RIS ratio instead of the global LK coupling coeffi- to be adjusted to around 1.6%, or half of the 3.2% value
cient; i.e.,, from Eq.(19) we set the flipped coupling previously used. In fact, after modifying it, we found an

coefficientfe such that optimum synchronization coupling value at 1.57%. Figure 14
. — shows the power and Sl time series for this optimal case, and
RIS_tets\/rS_l as can be seen, there is a significant improvement in the
Ris tetg fs ' system synchronization, principally because the lag behavior
disappeared. However, the resulting synchronization quality
which implies is still behind the corresponding 80:2®0:80 symmetric
R ¢ p case. . R
teztef—S \/} (22 To preserveR,g in the 20:86=20:80 configurationti had
s S

to be set around 0.4%, or twice the 0.2% value previously
used. As before, we also found a near-optimum value of

Note that by using the injection factor defined in E2Q) 0 . . . :
instead of the one that preserves the global LK couplinq%glog (')/:.)J.pﬁ:g gizu;tr'%%vm‘xe;i;n&SI time series for the opti-

coefficient(5), we are departing to a case outside of the “LK ) i
. o LT : . . From these adjusted parameter results, it is clear that to
invariant” family, since the new LK coupling coefficient will

be reach optimal synchronization in the asymmetric cases, the
boundary conditions must be kept equivalent between the
. re symmetric and asymmetric cases by trying to maintain the
Ks= ks \[ = (23)  same RIS ratio instead of the LK global coefficient. How-
S

ever, even when that correction is applied, the synchroniza-

and therefore within the LK model, nonsynchronization ortion quality it is still worse than in the symmetric cases.
poor synchronization must be observed when the ratio This is evident when we compare Fig. 7, which shows the

\/7A ) . ) internal laser profiles and the output spectra for the symmet-
s/ differs from 1, as it happens when the laser by Itselfric case 80:26>20:80, and Fig. 16, which does the same for
is asymmetric and its facet reflectivities are not equal. ’ .

. e e S the optimal asymmetric case 20:8@0:80".
To preserve the flipped relative injection strenjg in As we mentioned before, in the symmetric case there is a
the 80:20=80:20 case, the flipped injection strengﬂmad mirror-image effect between the internal fields and carrier
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FIG. 12. Powermaster in solid lines and slave in dasheadd synchronization index time series for the 2@:80:80 casdsee Fig. 4
at different time scaleéstarting from the top, filter or “detector” response times of 7.5 ns, 750 ps, and )75 ps

density profiles when they reach complete or full synchroni-output powers were remarkably different in amplitude, since
zation. On the contrary, in the asymmetric case, even whethe scaling factor® were around 6.4 and 0.18, respectively.
the field profiles show some reflected similarity assuming The marked carrier density profile orientation and the lo-
proper scalingcompare the master forward fieltslid ling) calized nature of the field synchronization prevent the system
and slave backward fieldslashed linesprofiles, and vice from reaching complete synchronization, since both lasers
versd, the carrier density profiles are clearly not showing thecannot yield near or identical solutions in the entire state
mirror-image effect. This is due to the asymmetry in the facetariable space. This produces the observed loss of quality
reflectivities, which imposes a marked orientatiespecially  synchronization for the fastest time scales, and the discrep-
for the carrier densities profileshat cannot be reversed by ancies between the signal spectra. Note that the differences
the adjustment of the injection strength alone. are more visible at both spectral resolutions, as they are com-
Moreover, given that the comparison of the correspondinguted by using the original nonaveraged raw complex field
internal field profiles and output powers must be done aftetiata that contain the amplitude and phase signal information.
proper scaling, the synchronization regime observed for the To get a more global picture of the synchronization qual-
asymmetric configurations is a kind of “localized synchroni- ity, we computed the power synchronization manifolds for
zation” [49,50, which means that the laser fluctuations arethe four configurations, considering the 2 ns time shift in the
similar but they differ in amplitude. In fact, for the optimal 80:20=80:2C case, and the two optimal coupling injections
asymmetric cases 20:8020:80° and 80:26-80:20", the  found for both asymmetric cases. The manifolds were com-
puted for the fast 75 ps and slow 7.5 ns observational time
2 scales. The plots were constructed using the data over to the
entire 1 us simulation time window but undersampled since

En(®) tmEm(t — %) tetmEn(t —7) | EJ(2) the number of data points exceeds the graphical resolution.
As it is shown in Fig. 17, at the 75 ps fast time scale the

-— symmetric system 80:2820:80 looks almost perfectly syn-
E;(t) chronized, with very small deviations from the diagonal. The

r, r? second symmetric system 20:8@0:20 shows more obvi-
ous deviations from the diagonal for low power values, but
FIG. 13. Fields at the slave perturbed facet. still most of the sample data are contained in the synchro-

016208-12



RELEVANCE OF SYMMETRY FOR THE . .. PHYSICAL REVIEW E 67, 016208 (2003

Laser Output [mW)| Synchronization Index
T T T T T 0.4

20

15

10

8 -
R 106
B 104
4l 0
) 0.2
\‘\__ -y 1 1 1 1 1 1 1
300 301 302 303 304 305 306 300 301 302 303 304 305 306

Time [ns] Time [ns]

FIG. 14. Powermaster in solid lines and slave in dashadd synchronization index time series for the optimal 86:80:20° case at
different time scalesstarting from the top, filter or “detector” response of 7.5 ns, 750 ps, and V5 ps

nized region. In the asymmetric 80:2@0:2C time shifted a visible improvement in the synchronization quality, and it
configuration, the data pairs visibly spread outside the synis also much closer to the symmetric one.
chronized region, even when the 2 ns time shift is applied. The power synchronization manifolds shown give us a
For the optimal 80:26>80:20° case, the synchronization picture of the global synchronization quality in the systems.
quality improves greatly, but it is never as good as the corin the graphs, however, two, ten, or hundred identical or very
responding 80:28 20:80 symmetric case. close data pairs will appear as one pair. So, even when the
In the asymmetric system 20:8(20:80, the data pairs darker regions represent accumulation of data pairs, it is not
escape from the synchronized region and a horizontal featurgossible to distinguish clearly between lightly and heavily
appears. The latter is consistent with the prolonged powepopulated regions.
dropouts observed only in the slave lagsge Fig. 10 Here With this in mind, we now introduce a global synchroni-
also the synchronization improves for the optimalzation description based on the accumulated synchronization
20:80=20:80° case obviously, but as before, the resultingindex histogram(ASIH) that in contrast to the power syn-
quality is not as good as in the corresponding symmetric onechronization manifolds will give us a precise count of how
At the 7.5 ns slow time scale in Fig. 18, like it was ob- many data points reside within or outside the synchronized
served with the time series plots, the synchronization qualityegion. The accumulated synchronization index histogram al-
looks better and almost no deviations from the synchronizetbws one to infer the degree to which the system remains
region appear in the symmetric systems. In the asymmetrisynchronized over the entire simulation time window.
time shifted 80:28+80:2¢ and optimal 80:26-80:20 Figure 19 shows the ASIH for the different time scales
cases, the number of data pairs included in the synchronizagsed earlie(7.5 ns, 750 ps, and 75 p9lus the 7.1-ps and
region is much greater than that observed for the fast timéhe original 250-fs ones, correspondinghovalues of 10'*
scale, and now the synchronization for the optimal injectionsand 1, respectively. In the pictures, for a given observational
is much closer to that observed in the corresponding symtime scale or the corresponding filter response time FRT, one
metric case. can read off the percentage of sampled data having a syn-
For the 20:86=20:80 case, the horizontal feature that ap-chronization index equal to or less than some threshold. This
pears in the fast time scale picture is still visible, and most opercentage measures the global synchronization quality.
the data pairs are also outside the synchronized region. For As we described before, the symmetric 80:220:80
the optimal 20:88>20:80° case, on the other hand, there is case is the best synchronized, since the ASIH values for the
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FIG. 15. Powermaster in solid lines and slave in dashadd synchronization index time series for the optimal 26:20:80° case at
different time scalegstarting from the top, filter or “detector” response times of 7.5 ns, 750 ps, and )75 ps

chosen 0.2 Sl threshold are equal to or greater than 99.9%nd the ASIH percentage goes up to a range between 83.2%
independent of the chosen time scale. This means that thend 99.9%.
power signals are almost perfectly synchronized for all the The asymmetric configurations show how the loss of sym-
observational time scales and over the entireslsimulation  metry makes the systems go from a very well-synchronized
time window. For the symmetric 20:8880:20 system, the regime, where no major time scale dependence is observed,
lasers also show a very high degree of synchronizationto the cases where the synchronization quality and its nature
where a very small degradation is observed for the fastesire changed. It is possible to go from a mainly desynchro-
time scale, as the ASIH percentage slightly drops to a rangrized “locally coupled regime,” when the coupling coeffi-
between 98.7% and 99.9%. cient is much smaller than the optimal one, to a “localized
In the asymmetric time shifted 80:2080:2C case, the lag synchronization,” where the coupling coefficient is much
loss of synchronization is visible for the LK coupling coef- larger than the optimal one. When the optimal coupling co-
ficient as the ASIH value drops to a range between 43.6%fficients are employed, the laggard behavior disappears and
and 96.4%, even after applying the 2 ns time shift. When thevery good “localized synchronization” can be observed, es-
optimal coupling is used instead, without any time shifting, pecially for the slow time scales. These show synchroniza-
the synchronization quality improves significantly and thetion quality is comparable to the complete or full synchroni-
ASIH value goes up to a range between 78.3% and 99.5%ation quality observed in the corresponding symmetric
For the asymmetric 20:8820:80 configuration, the ASIH configurations. However, for the fastest time scales, the lag
percentage for the LK coupling coefficient is in the rangesynchronization always shows a visible degradation with re-
between 18.0% and 36.2%, showing a poorest synchronizapect to the complete one.
tion quality. In fact, we can conclude that this system re- Figure 20 summarizes the previous observations. It shows
mains desynchronized for most of the simulation time win-the accumulated synchronization index histogram value for
dow, independent of the observational time scale employedhe given 0.2-Sl threshold as a function of the observational
This suggests us to name this regime as a “locally coupledime scales or filter response times. The synchronization
regime,” capturing both the coupled and localized charactergquality of the different discussed configurations can be ana-
istics of its dynamics, but differentiating it from the other lyzed through the corresponding curves in the picture.
observed synchronized regimes. When the optimal coupling As can be seen, the symmetric case 86>20:80 is the
is used, the synchronization quality improves significantlybest synchronized one, with ASIH values of practically
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FIG. 16. Snapshot of the dynamics observed in the optimal 882080 case. The top pictures show the internal figktdlid line for

the forward field and dashed for the backward fieddd carrier density profiles. The middle pictures show the multimode regime and the
bottom ones show the broad chaotic signature in one of the frequency modes.

100% for all the filter response times computed. The secondive some clues about what configurations are better suitable
symmetric 20:88»80:20 case shows a slight loss of syn-for synchronization purposes.

chronization, since its ASIH percentage drops to 98.7% for In the asymmetric case 80:2380:20 under the LK glo-

the fastest time scale. The high synchronization quality fobal coupling coefficient, the synchronization quality drops
both cases is coming from the complete or full synchronizadramatically especially for the fastest time scales. As was
tion achieved in the whole state variable space, which allowsbserved in the power time series, the main reason of this
to yield near to identical solutions in the master and slaveguality loss seems to be the laggard behavior observed in the
lasers. The slight difference between both symmetric caseslave laser, associated with the nonlinear amplification pro-
shows, however, that even two perfectly symmetric systemsess that occurs when a much stronger relative injection is
with identical laser devices can produce different synchroniemployed. Accordingly, the synchronization loss can be
zation dynamics. This requires further investigations as it camompensated by applying the 2 ns time shift, which corre-
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FIG. 17. Power synchronization manifolds for the 75 ps fast time scale. The first two pictures correspond to the symmetric cases; the two
middle ones correspond to the asymmetric cases where the LK global coupling coefficient is preserved, and inh8@B2[R0ase a 2
ns time shift is included; and the last two lower pictures correspond to the asymmetric cases with optimal coupling coefficients. The solid
lines represent the synchronized region limits.

sponds to the laser time separation, as it is shown in thealue for the symmetric case 80:2®0:80.

80:20=80:2C curve. The improvements observed, however, For the asymmetric case 20:8@®0:80, when the global
are related to the slow characteristics of the signals, sinceK coupling coefficient is maintained, the synchronization
they are smaller or hardly visible for the fastest time scalesquality drops to levels where the system regime can no
When the optimal injection is employed, as can be seen folonger be considered as synchronized, but only as locally
the 80:28-80:20" curve, the synchronization improves sig- coupled. This is due to the resulting relative weak injection
nificantly, especially for the fastest time scales, since in thehat is not strong enough to bring the slave laser into syn-
worst case the ASIH is around 20% below the correspondinghronization. For completeness, the 2 ns time shifted
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FIG. 18. Power synchronization manifolds for the 7.5 ns slow time scale. The first two pictures correspond to the symmetric cases; the
two middle ones correspond to the asymmetric cases where the LK global coupling coefficient is preserved, and in¢h@08R(R0ase
a 2 ns time shift is included; and the last two lower pictures correspond to the asymmetric cases with optimal coupling coefficients. The solid
lines represent the synchronized region limits.

20:80=20:8C curve was also include in Fig. 20, but as it  For both the optimal asymmetric cases, the synchroniza-
can be seen, the time shift applied only makes the synchrdion quality at the slowest time scales looks as good as in the
nization quality slightly worse than the in-phase case. Whesymmetric cases, since the ASIH goes to values near to
the optimal injection coupling is employed, as is shown in100%. The loss of synchronization for the fastest time scales
the 20:8@=20:80" curve, the synchronization quality for the is produced by the remaining internal asymmetries, the
slowest time scale is almost as good as that observed in thwearked hole space burning effects and the localized nature of
corresponding symmetric case, and for fastest time scale, it ihe synchronization, which all prevent the system from

also around 20% smaller. reaching complete or full synchronization in the whole state
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FIG. 19. Accumulated synchronization index histograms. The two top figures refer to symmetric cases; the middle ones to the asym-
metric cases using the global LK coupling coefficient, where the 88:2@8C includes the 2 ns time shift; and the last two are the

asymmetric cases under optimal coupling conditions.

variable space. It should be noted that this inherent loss ofrthere the optical material response is the input from gain/
synchronization, can be easily underestimated or not be segafractive index tables computed from a fully microscopic
at all when slow sensors or observational time scales arand experimentally validated theory. This allows us to quan-
employed. This fact is particularly relevant for possible fasttitatively include the effects of frequency and carrier density
communications and encryption applications. dependent material susceptibilities, as well as proper bound-
ary conditions.
VIl. CONCLUSIONS The simulation model has been used to_ study realistic
asymmetric extended Fabry-Perot laser devices, and the ef-
We have presented simulation results of a full nonlinearfects of their relative orientation on the quality of synchro-
partial differential equation semiconductor laser modelnization. In the analysis the studied system was a chaotic
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the synchronization quality locally and globally over long
250fs 7ps  75ps  750ps  7.5ns time intervals, respectively. We applied them to different ob-
Filter Response Time servational time scales and showed that the observed syn-
80:20 & 20:80 ——  80:20 & 80:20° —=— chronization quality not only depends strongly on the inher-
ggfgg hig ggfgg* o ggfgg gggfgg oo ent properties of the analyzed system but also on the
80:20  80:20F &~ 20:80 <> 20:80° & observational time scale or the detector response employed.

FIG. 20. ASIH values for the 0.2-SI threshold as a function of
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averaged out when the usual lumped-parameter Lang-
Kobayashi model is employed. We have shown that very
different laser configurations can be set up as a member of
the same LK invariant family. The synchronization quality
and its nature differ markedly for each of these different
Conﬁgurations deSpite the fact that each has an identical LK Fmdmg the approximate relation between the absolute

description. Sometimes, “lucky snapshots” of a poorly syn-y .\ \vard field valud|E~(t)|| and the flipped ongE~(t)||
chronized system can show apparent good synchronizatioy the perturbed slave facet, as expressed in (€@, is
especially for slow observational time scales. equivalent to find the relation between the maximum back-

Our results show that by enforcing the LK equwalence,Ward fieldE; and the maximum forward fielEt; shown in

and contrary to what the LK model predicts, we encounterFig 21

various types of synchronization behavior and regimes, in- Assuming that the laser is operating near the threshold

cluding complete or full synchronization for the symmetric value, in a steady state, and that the perturbaigis weak
system, and localized lag synchronization and the desynchr?ﬁen 'Ehe forward and k;ackward fields are amglified as, fol-

nized locally coupled regime for the asymmetric ones. ThisIOWS_
reveals the inherent LK model limitations related to the use™ ™
of asymmetric devices and/or configurations.

The poor synchronization of asymmetrically oriented
transmitter-receiver systems can be significantly improvec(ij1
by departing from the constraints associated with the sing|
LK invariant family. By adjusting the feedback and injection
strength close to the ones computed to keep the relative in- Ef=r E-. E.=r.E} (A2)
jection strength constant, optimal localized synchronization 1oisimry 2 s2E

regimes can be found. However, even when the optimal paCombining Eqs(Al) and (A2), we obtain
rameters improve significantly the synchronization quality, it '

APPENDIX: RELATION BETWEEN THE NONFLIPPED
AND FLIPPED BACKWARD FIELDS AT THE
PERTURBED SLAVE FACET

E;~GE,;, E;~GE,, (A1)

nd the respective boundary conditions for each facet impose
e constraint

is never as good as in the symmetric cases. The persistent 1 p

loss of synchronization in the asymmetric systems is due to G~ Er~/—2E+ (A3)
. . L. ’ 1 2

strong spatial hole burning effects, the remaining system Vrsilso Ms1

asymmetries, which cannot be compensated by the external
adjustment of the injection strength alone, and the localizeghus, by renaming, andrg, asrg, andrs, respectively,
nature of the synchronization regime. All of these finally

prevent the system from reaching complete or full synchro- IE< D] [IELl e T
nization in the whole state variable space. — ~——~\—=\— (A4)
We introduced Sl and ASIH as more reliable measures of IIEs Il [EZ ] r Fs
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